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Hypergeometric sequence:

A(n)
u = ——u
n+1 B(n) n

where A(t), B(t) € Q[t] are polynomials.
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Hypergeometric sequence:

A(n)
u = ——u
n+1 B(n) n

where A(t), B(t) € Q[t] are polynomials.

Hypergeometric function:

dl,...,dp . = (al)n"'(ap)n x"
F, i X| = T
i q|:b17"'7bq ] nzzt:)(bl)n"'(bq)n n!

where (a), = a(a+1)---(a+ n— 1) denotes the rising factorial.
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Introduction
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Hypergeometric sequence:
_ Aln)
Un+1 - B(n) un7

where A(t), B(t) € Q[t] are polynomials.

Hypergeometric function:

ai,...,ap ) R (a1)n---(ap)n X"
F x| o= T W wi e
i q{bl,...,bq ] nz_f‘)(bl)n"'(bq)n n!

where (a), = a(a+1)---(a+ n— 1) denotes the rising factorial.

Hypergeometric functions are generating functions
of hypergeometric sequences.
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m The logarithm:

2F1[1,1;X] _ log(1—x)

11 1
, =14+ x+ X2+ x>+ €Q[x]

2 3 4
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m The logarithm:

1,1 log(l — x
2F1[ ; ] = _log(1 = x)
2
m Catalan numbers:

2n\ 1 Cor1 2(2n+1) i1
Cn = Z, = : Cox" = 5F 2 ;
(n)n+1E Cn (n+2) ;0 X" =2h

11 1
=1+§x+§x2+1x3+---6@[[x]]
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m The logarithm:
1,1 log(1 — x 1 1 1
2F1[2;x]——g(x ):1+,X+,X2+,X3+.._e@[[x]]

2 3 4
m Catalan numbers:

2n\ 1 Cor1 2(2n+1) 1 1
n— - F 2’ ’
C (n) €7, s E Cox"=>» 1|: 9

n+1 Ch (n+2) =
m Chebychev numbers:
(30”)'”' %’%’%7%7%7% %7% 14,39 g5
Th= ZZT"X 1121324 ;273757
(15n)!(10n)!(6 >0 £§:3:512151375
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m More algebraic series:
1/2,v/24+1,-v2+1 . ] (7x — 1)(2x — 1)
Ax| =

3F2 V3,2 (1= 4x)572

=1+x—6x>4--- € Z[x]
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A series f(x) € Q[x] is called algebraic if there exists
P(x,y) € Q[x, y] \ {0}, such that P(x,f(x)) = 0.
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A series f(x) € Q[x] is called almost integral if there exist
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Theorem (Eisenstein 1852, Heine 1854)
Any algebraic f(x) € Q[x] is almost integral.
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( )
A series f(x) € Q[x] is called algebraic if there exists
P(x,y) € Q[x, y] \ {0}, such that P(x,f(x)) = 0.

|\ J

( )
A series f(x) € Q[x] is called almost integral if there exist
a, B € Z\ {0}, such that 8f(ax) € Z[x].

(& J/

Theorem (Eisenstein 1852, Heine 1854)
Any algebraic f(x) € Q[x] is almost integral.

= Arithmetic proof that —log(1 — x)/x = 1+ 2x + Ix>+ 7x3+ -+ is transcendental.
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A power series f(x) € Q[x] is called D-finite if it satisfies a
non-trivial linear ODE with coefficients in Q[x].
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A power series f(x) € Q[x] is called D-finite if it satisfies a
non-trivial linear ODE with coefficients in Q[x].

Theorem (Folklore, Abel 1827)
Any algebraic f(x) € Q[x] is D-finite.

5/31



Introduction
0000

A power series f(x) € Q[x] is called D-finite if it satisfies a
non-trivial linear ODE with coefficients in Q[x].

Theorem (Folklore, Abel 1827)
Any algebraic f(x) € Q[x] is D-finite.

Conjecture (weak form of p-curvature conjecture, Grothendieck 1969, Bézivin 1991)

A linear ODE of order n has n linearly independent algebraic solutions if and only if it
has n linearly independent almost integral solutions.
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0000

A power series f(x) € Q[x] is called D-finite if it satisfies a
non-trivial linear ODE with coefficients in Q[x].

Theorem (Folklore, Abel 1827)
Any algebraic f(x) € Q[x] is D-finite.
Any hypergeometric function F(x) € Q[x] is D-finite:

x(0+a1)---(0+ap)F(x) =00+ by —1)--- (0 + bp—1 — 1)F(x), (6= x&)

For example, F(x) = 2F; [a’cb; x] satisfies

x(1 = x)F"(x) +[c — (a+ b+ 1)x] F'(x) — ab F(x) = 0.
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[ Which hypergeometric functions are algebraic? ]
2F1 {151%} 2F :52’1;4X]
AR oh| P 9
ors [ K20 20 oho G104
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Main Question of this Talk

[

2F1[1§1;X} =

Which hypergeometric functions are algebraic? ]
log(1—x) 14 _ 1—y/1—4x
- oFy 22 Ax| = e
_ (x=1)(x-1) 113331 256
4x | = e 41214920+,
Va2 } =y ofs| "1gazn i

F [1/2,\/§+1,7\@+1 4

113
47274
6F5 12
373

3,1,1 256
2,2 ' 27

:

3f
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History and criteria
©00000000

Schwarz’ Classification (Geometry & Algebra)

m [Schwarz 1873]: Classification of all algebraic Gaussian hypergeometric functions:
F(X) = 2F1([317 32]7 [bl]; X)a

with rational parameters a;, a2, by € Q \ Z.
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Schwarz’ Classification (Geometry & Algebra)

m [Schwarz 1873]: Classification of all algebraic Gaussian hypergeometric functions:
F(X) = 2F1([317 32]7 [bl]; X)a

with rational parameters a;, a2, by € Q \ Z.
m Write ()\, W, V) = (1 —b1,by —a1 —ay,ar — 31).
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History and criteria
©00000000

Schwarz’ Classification (Geometry & Algebra)

m [Schwarz 1873]: Classification of all algebraic Gaussian hypergeometric functions:
F(X) = 2F1([31, 32]7 [bl]; X)a
with rational parameters a;, a2, by € Q \ Z.
m Write (\, pt,v) = (1 — by, by — a1 — az, a2 — a1).
m F(x) is algebraic if and only if (A, u, ) appears in Schwarz’ list, up to
permutations, sign changes and addition of triples of integers with even sum.
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©00000000

Schwarz’ Classification (Geometry & Algebra)

m [Schwarz 1873]: Classification of all algebraic Gaussian hypergeometric functions:

F(X) = 2F1([317 32]7 [bl]; X)a
with rational parameters a;, a2, by € Q \ Z.
m Write (\, pt,v) = (1 — by, by — a1 — az, a2 — a1).
m F(x) is algebraic if and only if (A, u, ) appears in Schwarz’ list, up to
permutations, sign changes and addition of triples of integers with even sum.

F(x) =2F1([-1/2,-1/6],[2/3]; x) is algebraic, as (A, u,v) = (1/3,4/3,1/3) and
(—(v—1),\,u—1) =(2/3,1/3,1/3) is in the list.

W .
ILI:}E Polyeder

Regelmissige Doppelpyramide

A
24 Tetraeder
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History and criteria
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Landau-Errera Criterion (Arithmetic)

[Landau 1904, 1911]: Necessary condition for algebraicity of Gaussian
hypergeometric functions (based on Eisenstein's criterion):

Theorem (Landau)

Let F(x) = 2F1([a1, a2], [b1]; x) with a1, a2, b1, a1 — b1,a2 — by € Z and N their
common denominator. Then F(x) is almost integral if and only if for all 1 < X < N
coprime to N we have

(Aa1) < (Ab1) < (A\a2) or (Aa2) < (Ab1) < (Aa1), (%)

where (-) denotes the fractional part.
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Landau-Errera Criterion (Arithmetic)

[Landau 1904, 1911]: Necessary condition for algebraicity of Gaussian
hypergeometric functions (based on Eisenstein's criterion):

Theorem (Landau)

Let F(x) = 2F1([a1, a2], [b1]; x) with a1, a2, b1, a1 — b1,a2 — by € Z and N their
common denominator. Then F(x) is almost integral if and only if for all 1 < X < N
coprime to N we have

(Aa1) < (Ab1) < (Aaz) or (Aaz) < (Aby) < (Aay), (%)
where (-) denotes the fractional part.

Theorem (Errera, 1913)

Condition (x) for all 1 < X\ < N coprime to N is equivalent to Schwarz’ classification.
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History and criteria
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Christol’s Interlacing Criterion

[Christol 1986]: Study of diagonals of multivariate rational functions
(Christol's conjecture).

A by-product classification a-/a-Landau of almost integral hypergeometric functions.
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History and criteria
00®000000

Christol’s Interlacing Criterion

[Christol 1986]: Study of diagonals of multivariate rational functions
(Christol's conjecture).

A by-product classification a-/a-Landau of almost integral hypergeometric functions.

Idea: Counting multiplicities of prime numbers p in

(a1)n - (ap)n
(b1)n- -+ (bp—1)n n!

amounts to the p-adic evaluation of elements of the arithmetic progressions r; + k - N
and s; + k - N, where a; = r;/N and b; = s;/N.
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History and criteria
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Christol’s Interlacing Criterion

Let (-) : R — (0, 1] as the fractional part, where integers are assigned 1.
Define < on R? via a < b if (a) < (b) or (a) = (b) and a > b.

Theorem (Christol, 1986)

Let aj, by ¢ —N be rational numbers and

. ai,...,dp - (al)”'“(ap)” x"
F(x) = pFp x| = =
( ) L 1|:b1,...,bp_1 :| ;(bl)n"'(bp—l)n n!

Denote by N the least common denominator of a;, by, and set b, = 1. Then F(x) is
almost integral if and only if for all 1 < A\ < N with ged(\, N) =1 we have for all
1 < k < p that

{3 < Abi: 1< j < p}| — [{Abj < Ab: 1</ < p}| > 0.
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History and criteria
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Christol’s Interlacing Criterion graphically

Draw the sets {exp(27i)a;)} in red and {exp(27miAby)} in blue on the unit circle for all
1 < X< N with ged(A, N) = 1. Then F(x) is almost integral iff there are always at
least as many red as blue points going counter-clockwise starting after 1.

Example

3F2([1/9,4/9,5/9],[1/3,1]; x) = 1+ 39x + Z@x? + 31229053 + ... is almost integral.

SIOIGISI0S
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History and criteria
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Beukers-Heckman Interlacing Criterion

Theorem (Christol 1986, Beukers-Heckman 1989, Katz 1990)

Let aj, by ¢ —N be rational numbers such that a; — by, a; ¢ Z and

a a 2 (@) (ap)n X"
F(x) = pFp_ TP ;x}: n p/n_ Z_
()= oFe 1[1;1,...,bp_1 ;(bl),,---(bp_l)n !

Denote by N the least common denominator of aj, by, and set b, = 1. Then F(x) is
algebraic iff for all 1 < A < N with ged(\, N) = 1 we have for all 1 < k < p that

{Aaj < Abe: 1< j < p}| — |{\b; = Abk: 1< j < p}|=0. (IC)

In other words, F(x) is algebraic, if and only if the sets {2mwi\a;} and {2mi\by}
interlace on the unit circle for all A.
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History and criteria
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Beukers-Heckman Interlacing Criterion

Example

=3Fy([1/14,3/14,11/14],[1/7,3/7]; x) is algebraic:

OO0000

Example

=3F>([1/14,3/14,11/14],[1/7,5/7]; x) is transcendental:

OO00Q0
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History and criteria
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Beukers-Heckman vs Christol

m [Christol 1986] covers integrality, [Beukers-Heckman 1989] is about algebraicity.
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Beukers-Heckman vs Christol

m [Christol 1986] covers integrality, [Beukers-Heckman 1989] is about algebraicity.

m [Beukers-Heckman 1989] has the additional assumption a; — by, a; € Z.

m Assuming a; — by, aj & Z, Christol’s criterion is satisfied for F(x) if and only if
Beukers-Heckman interlacing holds.

PROPOSITION 3 : Toute fonction hypergéométrique F réduite et de hauteur 1
est globalement bornée si et seulement si, pour tout A tel que (A,N) =1,
les nombres exp(ZiuAB‘) et exp(zumbl) sont entrelacés sur le cercle
unité.
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est globalement bornée si et seulement si, pour tout A tel que (A,N) =1,
les nombres exp(ZiuAB‘) et exp(zumbl) sont entrelacés sur le cercle
unité.
m Assuming a; — by, a; € Z, Christol’s criterion is satisfied for F(x) if and only if it
is satisfied for all solutions of the hypergeometric differential equation.
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Beukers-Heckman vs Christol

[Christol 1986] covers integrality, [Beukers-Heckman 1989] is about algebraicity.
[Beukers-Heckman 1989] has the additional assumption a; — by, a; & Z.
Assuming aj — by, aj € Z, Christol's criterion is satisfied for F(x) if and only if
Beukers-Heckman interlacing holds.

PROPOSITION 3 : Toute fonction hypergéométrique F réduite et de hauteur 1

est globalement bornée si et seulement si, pour tout A tel que (AN) =1,
les nombres exp(ZiﬂAs‘) et exp(zumle sont entrelacés sur le cercle
unité.

Assuming aj — by, aj € Z, Christol's criterion is satisfied for F(x) if and only if it
is satisfied for all solutions of the hypergeometric differential equation.
Under the p-curvature conjecture and aj — by, aj € Z, the criteria are equivalent.

COROLLAIRE  (modulo la  conjecture de GROTHENDIECK si s»2) : Une fonction
hypergéométrique de hauteur 1 est globalement bornée si et seulement si elle
est algébrique.
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History and criteria
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Beukers-Heckman vs Christol

[Christol 1986] covers integrality, [Beukers-Heckman 1989] is about algebraicity.
[Beukers-Heckman 1989] has the additional assumption a; — by, a; & Z.
Assuming aj — by, aj € Z, Christol's criterion is satisfied for F(x) if and only if
Beukers-Heckman interlacing holds.

PROPOSITION 3 : Toute fonction hypergéométrique F réduite et de hauteur 1

est globalement bornée si et seulement si, pour tout A tel que (AN) =1,
les nombres exp(ZiﬂAs‘) et exp(zumbl) sont entrelacés sur le cercle
unité.

Assuming aj — by, aj € Z, Christol's criterion is satisfied for F(x) if and only if it
is satisfied for all solutions of the hypergeometric differential equation.
Under the p-curvature conjecture and aj — by, aj € Z, the criteria are equivalent.

COROLLAIRE  (modulo la  conjecture de GROTHENDIECK si s»2) : Une fonction
hypergéométrique de hauteur 1 est globalement bornée si et seulement si elle
est algébrique.

m Hypergeometric equations are a special case of a class of equations for which the
conjecture was solved by [Katz 1972]. 14/31
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Beukers-Heckman 1989

m Analytic continuation of the solutions of the hypergeometric ODE around its
singularities 0,1, co yields the monodromy group.
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History and criteria
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Beukers-Heckman 1989

m Analytic continuation of the solutions of the hypergeometric ODE around its
singularities 0, 1, oo yields the monodromy group.

m It is finite if and only if all solutions are algebraic.

m There is a Hermitian form invariant under the monodromy group, which is
positive definite if and only if the parameters interlace on the unit circle.
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History and criteria
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Beukers-Heckman 1989

Analytic continuation of the solutions of the hypergeometric ODE around its
singularities 0, 1, oo yields the monodromy group.

It is finite if and only if all solutions are algebraic.

There is a Hermitian form invariant under the monodromy group, which is
positive definite if and only if the parameters interlace on the unit circle.

The monodromy group is discrete and contained in the unitary group, which is
compact, if and only if interlacing holds.

Complete classification of all possible resulting finite monodromy groups.

352 F. Beukers and G. Heckman
Table 8.3. (continued)
No. Dimension  Parameter sct Ficld of Group
definition

2 3 f:3:2.8 043

3 043 Q| ST 24

4 434

s 014 113 ,

i sE } e st

6 10

7 TN 01t

N ©3030> OB } Q. }/3) ST 27 15/31



Motivation
©0000

Example: Gessel Excursions

Gessel walks: Lattice walks in the quarter plane with step set {—, <+, 7, /}.

Consider the generating function

G(x) = Z gnx"

n>0

of excursions of length n.
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Example: Gessel Excursions

Gessel walks: Lattice walks in the quarter plane with step set {—, <+, 7, /}.
Consider the generating function

x) = Zgnxn

n>0

of excursions of length n.

Theorem (Kauers-Koutschan-Zeilberger, Bousquet-Mélou, Bostan-Kurkova-Raschel)

5/6)n(1/2)n- . o
Z(/ 5/g)n 6X2:3F2[
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Motivation
©0000

Example: Gessel Excursions

Gessel walks: Lattice walks in the quarter plane with step set {—, <+, 7, /}.
Consider the generating function

x) = Zgnxn

n>0

of excursions of length n.

Theorem (Kauers-Koutschan-Zeilberger, Bousquet-Mélou, Bostan-Kurkova-Raschel)

5/6)n(1/2)n- . o
Z(/ 5/g)n 6X2:3F2[

Question: Is G(x) algebraic? 1631



Motivation
0®000

Is G(x) = 3F2([5/6,1/2,1],[2,5/3]; 16x?) algebraic?

m Direct application of the interlacing criterion is not possible, as a3 =1 € Z.
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Is G(x) = 3F2([5/6,1/2,1],[2,5/3]; 16x?) algebraic?

m Direct application of the interlacing criterion is not possible, as a3 =1 € Z.

m Trick: Use identities for hypergeometric functions:

G(x) = 2—; (2F1 [_1/3’/;1/6; 164 - 1> ,

is algebraic by [Schwarz 1873] or [Landau-Errera] or [Beukers-Heckman 1989].
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Is G(x) = 3F2([5/6,1/2,1],[2,5/3]; 16x?) algebraic?

m Direct application of the interlacing criterion is not possible, as a3 =1 € Z.

m Trick: Use identities for hypergeometric functions:

G(x) = 2—; <2F1 [_1/5’/;1/6; 16x2} - 1> ,

is algebraic by [Schwarz 1873] or [Landau-Errera] or [Beukers-Heckman 1989].
m Algebraicity of G(x) was overlooked until [Bostan-Kauers 2010]; [Bostan 2017].
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Is G(x) = 3F2([5/6,1/2,1],[2,5/3]; 16x?) algebraic?

m Direct application of the interlacing criterion is not possible, as a3 =1 € Z.

m Trick: Use identities for hypergeometric functions:

G(x) = 212 <2F1[_1/§’/;1/6;16x2} - 1> :

is algebraic by [Schwarz 1873] or [Landau-Errera] or [Beukers-Heckman 1989].
m Algebraicity of G(x) was overlooked until [Bostan-Kauers 2010]; [Bostan 2017].
m The minimal polynomial P(x,y) of G(x) is

P(x,y) = 27x*y® + 108x1%y7 4 189x10y% + 189x8y°® — 9x®(32x* 4 28x% — 13)y*
—0x*(64x* + 56x% — 5)y> — 2x?(256x° — 312x* + 156x> — 5)y?
—(32x% — 1)(4x® — 6x 4 1)(4x® + 6x 4 1)y — 256x° — 576x* + 48x> — 1

17/31



Motivation
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Example 2: Irrational Parameters

Consider the innocent recursion

22n+1)(n? +2n—1) .
(n+1)(n* —-2) "

Upt1 = up = 1.

The generating function

V2, -2 T T (A~ a2

1/2,v/241,—v2+1 7x—1)(2x -1
ZunX"—an[/ V2+1,-v2+ 4 (7x-1)(2x - 1)
n>0
is algebraic, but the criteria are not applicable.

18/31



Motivation
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The interlacing criteria treat the case of aj, by € Q \ {—N}
with aj — by, aj & 7.

Aim: An easy-to-use algebraicity criterion to account for
irrational parameters and integer differences.

19/31



Motivation
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F» [1/2,\/§+1,—\/§+1 : 4x} _

V2,—v2 !

(7x—1)(2x—1)

(1—4x)5/2

113
F 17571737171_ 256
075 12222727

)

:

2F

6Fs

3f
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Complete classification
©000000

Some Definitions

m Define

m Note that

= e

nZO
al,...,dp
f’
[bl,. e
C7 7C71
r+1Fs|:1d, ";,s;X:|
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Complete classification
©000000

Some Definitions

m Define

m Note that

= e

c1,...,c,,1_]
x|

= ,11F.
+ S[dl,...,ds

m F(x) is contracted if ¢; — dx € N. F(x) is reduced if ¢; — dx & Z.
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Complete classification
©000000

Some Definitions

m Define ]:[Cl"" } (Cr \&n""\Cr)n n
dl:---a s Z s)

m Note that

Cly.+-,Cr C1,...,Cr,1
x| = ry1F x|
F[dl,...,ds’x} +1 S[dl,...,ds X]

m F(x) is contracted if ¢; — dx € N. F(x) is reduced if ¢; — dx & Z.

m The contraction F¢(x) of F(x) is obtained by removing pairs of parameters
(¢j, dk) with minimal difference ¢; — dx € N.
If F(x) is given as ,Fgq, convert to F first.

21/31



Complete classification
0@00000

3k [1/2’\\//551’

6F5|:

—V2+1
2

113
1153737171. 256
373 7272 27

)

V3 ; 4x}

:

2F

6Fs

3F2
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Complete classification
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1194 7¢  [lloy 7¢ 11
4F3[3;2’ ’ ,x] :]—"[‘;”’2’ ’ ;x] :]—"[g’z;x] not reduced
57371 5737171 571
Fo Lt 3.1,
21| 5 X contracted 2F1 9 ,4X contracted
not reduced L reduced
1/2,v341, [112331
3F2 [ ; 4X:| not contracted F 4°224° 7 0% @X not contracted
’ not reduced e L %7%7 99 27 not reduced
113 [5 1
4°274 7171 *7*71
6F5 41224 0 %X not contracted 3F2 B 25 7 ].6X2 contracted
313 o2 not reduced L 2:5 reduced
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Complete classification
0@00000

1194 7¢  [lloy 7¢ 11
4F3[3;,27 ’ ,x] :]—"[‘;”’2’ ’ ;x] :]_—[gvz;x] not reduced
57371 5737171 571
FolLL. 3.1,
21| o X contracted 2F1 9 ,4X contracted
not reduced L reduced
1/2,V341, [112331
3F2 [ ; 4X:| not contracted F 4°224° 7 0% @X not contracted
’ not reduced e L %7%7 99 27 not reduced
113 [5 1
4°274 7171 *7*71
6F5 41224 0 %X not contracted 3F2 B 25 7 ].6X2 contracted
313 828 not reduced L 2:5 reduced
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Complete classification
00@0000

Theorem (Fiirnsinn-Y. 2024)

For any hypergeometric function F(x) = pFq([a1,. .., ap],[b1,- .., bgli x) € Q[x] the
following decision tree answers the question whether it is algebraic.
F is transcendental

no

. aj € —N Parameters
? J < c?
Is F algebraic? A of F< in Q7 IC for F€7
yes
F is algebraic

[Caruso, Fiirnsinn, 2026]: Implementation (many other algorithms).
23/31



Complete classification
000000

Main steps of the proof

m Contraction preserves algebraicity.
m Algebraic contracted hypergeometric functions have rational parameters.

m Algebraic contracted hypergeometric functions are reduced.

F is transcendental

no

. aj€ —-N Parameters
? ’j =
Is F algebraic? o e /2 of F< in Q7 IC for F€7
yes
F is algebraic
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Complete classification
0000000

Contraction Preserves Algebraicity

The hypergeometric function F(x) is algebraic if and only if F¢(x) is algebraic.
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Complete classification
0000000

Contraction Preserves Algebraicity

The hypergeometric function F(x) is algebraic if and only if F¢(x) is algebraic.

Proof sketch.

Contiguous relation: a+1la,...,3 }
x|,

0+ a)F() = a1 pF,p [bbb

Euclidean division of the hypergeometric operator H(6) by (0 + a)
H(9) = Q(0)(6 + o) + H(—«), — _XH oz—i—aj)—i-aH —a+ by —1).
j=1
Thus, 0 = Q(0)(0 + a)F(x) + H(—a)F(x). H(—«) vanishes iff
ac{a,...,aptN{b1 —1,...,bp_1 — 1,0}. Otherwise, (§ + a)F(x) is algebraic iff
F(x) is algebraic. lterating = F algebraic iff F€ algebraic. O
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Complete classification
0000000

Contraction Preserves Algebraicity

The hypergeometric function F(x) is algebraic if and only if F¢(x) is algebraic.

Proof sketch.

Contiguous relation:

al—l-l,ag,...,ap_x}

0+ a)F() = a1 pF,p [bbb

Euclidean division of the hypergeometric operator H(6) by (0 + a)
H(9) = Q(0)(6 + o) + H(—«), — _XH oz—i—aj)—i-aH —a+ by —1).
j=1
Thus, 0 = Q(0)(0 + a)F(x) + H(—a)F(x). H(—«) vanishes iff
ac{a,...,aptN{b1 —1,...,bp_1 — 1,0}. Otherwise, (§ + a)F(x) is algebraic iff
F(x) is algebraic. lterating = F algebraic iff F€ algebraic. O

Alternative proof: [André 1989]: F(x) algebraic iff F'(x) algebraic & almost integral. .,



Complete classification
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Algebraic Contracted F(x) Has Rational Parameters

If F(x) is contracted, the hypergeometric ODE is the minimal ODE of F(x).
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Algebraic Contracted F(x) Has Rational Parameters

If F(x) is contracted, the hypergeometric ODE is the minimal ODE of F(x).

Proof based on Lemma 4.2 in [Beukers, Brownawell, Heckman, 1988].
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Complete classification
0000000

Algebraic Contracted F(x) Has Rational Parameters

Proposition

If F(x) is contracted, the hypergeometric ODE is the minimal ODE of F(x).

Proof based on Lemma 4.2 in [Beukers, Brownawell, Heckman, 1988]. Other solutions
of the hypergeometric ODE are linear combinations of x”G(x) where p € C is related
to the parameters.
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Algebraic Contracted F(x) Has Rational Parameters

Proposition

If F(x) is contracted, the hypergeometric ODE is the minimal ODE of F(x).

Proof based on Lemma 4.2 in [Beukers, Brownawell, Heckman, 1988]. Other solutions
of the hypergeometric ODE are linear combinations of x”G(x) where p € C is related
to the parameters.

Lemma (Folklore, Singer 1980)

If £(x) is algebraic then all solutions of L™™" are algebraic.
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Complete classification
0000000

Algebraic Contracted F(x) Has Rational Parameters

Proposition

If F(x) is contracted, the hypergeometric ODE is the minimal ODE of F(x).

Proof based on Lemma 4.2 in [Beukers, Brownawell, Heckman, 1988]. Other solutions
of the hypergeometric ODE are linear combinations of x”G(x) where p € C is related
to the parameters.

Lemma (Folklore, Singer 1980)

If £(x) is algebraic then all solutions of L™™" are algebraic.

Proposition

If F(x) is contracted and has irrational parameters, it is transcendental.

Alternative proof: [Galogkin 1981] classification of hypergeometric G-functions.
26 /31



Complete classification
0000000

Algebraic Contracted Hypergeometric Functions Are Reduced

Proposition

If F(x) is contracted but not reduced, then F(x) is transcendental.

We prove that F(x) is not almost integral using [Christol’s criterion].
Proof “by example”: Let

131

)
4
’3

)
1
2

Recall: (-) is the fractional part and a < b if (a) < (b) or (a) = (b) and a > b.
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Examples
#000

Example 1

(14n+ 1) (14n+ 3) (14n+ 11) (n® + 2n + 4)
56 (7n+ 1) (7n+3) (n+3)(n? +3)

Let: upy1 = Up, Uug=1
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Examples
€000

Example 1

(14n+ 1) (14n+ 3) (14n+ 11) (n® + 2n + 4)
56 (7Tn+1)(7n+3) (n+3)(n?>+3)

Let: upy1 = Up, Uug=1

Generating function:
14,14,14,14”\[ 3,1—iV3 ]_ F[llma,ﬁ,uri\/ﬁ,l—i\/ﬁ,l_ ]
vX — 65 yX .

f(x) = F
(X) |: 7a77 f If73 %7%7i\/§7_i\/§a3
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Examples
€000

Example 1

(14n + 1) (14n + 3) (14n + 11) (n® 4 2n + 4)
56 (7n+ 1) (7n+3) (n+ 3) (n% + 3)

Let:  tny1 = Up, Up=1

Generating function:

1 3 11 . .
f(X):f|:14714714a1+lf 1—/\/> X:|:6F5|:14,14,14,1+I\/§’1—/\/§71-X:|‘
77 iv3-ivas L 3iV3,—iV3.3

Contraction has rational parameters and is reduced:

1 3 11 13 14

’ 147 14> 14> 14> ~ .

(X) |:14 1§4 14'X] :4F3|: 13 3 ,X:|.
77 707
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Examples
€000

Example 1

(14n+ 1) (14n+3) (14n+11) (n®> + 2n + 4)
56 (7Tn+1)(7n+3) (n+3)(n?>+3)

Let: upy1 = Up, Uug=1

Generating function:
14»14’14’1"”\[1_’\[ — K ﬁ7%’%’1+"\/§71_"\/§71.
7a7a \/> If73 ’X:|_6 5|: %7%7i\/§7_i\/§a3 ’X:|‘
Contraction has rational parameters and is reduced:
1 3 11 1 3 11 4
Fé(x) = ]_—[1417 1§47 14;X] _ 4,_—3[14711437 1;7 ,x}
77 ANE
(x) is algebraic by the interlacing criterion, thus so is f(x

slolelololo

f(x) = f[

C



Examples
©0®00

Example 2
_3 4n n—+2
”"‘§<n)(n+1)(n+3)'

Generating function:

1 3
52331 256]

422" 21

‘,\
—~
X
SN—r
Il
(o))
N
L —
ENT
(Jk)l—l ~
OJII\) ~

Interlacing criterion: f(x) algebraic.

OOOO



Example 2

o — 3 (4n n+2
" 2\n/)(n+1)(n+3)
Generating function:

1 3
113337 256
f — .k 4° 29 4>
t9 65[124,2,2 27]

Contraction:

Interlacing criterion: f(x) algebraic.

OOOO

Examples
©00

~3(4n\ n+2
VvV, =
"2 (n+1)%
Generating function:

3
43,1,1_256]

11
x)=¢Fs| 42,4 P ——X
gx) =5 5[ 1290027

)
2
3

Contraction:

Not reduced: g(x) not algebraic.
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Examples
0®0

Example 3 — Gessel Revisited

Recall the generating function of Gessel excursions

17

Y

5 51
G(x)=3F2[67 . ;16x2]:.7:[6’§;x].
2,3 2,3

G(x) is contracted, reduced, has rational parameters, satisfies the interlacing criterion:

U
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ooe

The End

Thank you for your attention!

F is transcendental

no

ajE—N

Parameters
for some j?

Is F algebraic?

<_IC for F€?

F

is algebraic
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Bonus: Algebraicity of F(x) vs F'(x)
For a hypergeometric function F(x) € Q[x],

F(x) is algebraic <= F'(x) is algebraic.
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Bonus: Algebraicity of F(x) vs F'(x)
For a hypergeometric function F(x) € Q[x],
F(x) is algebraic <= F'(x) is algebraic.

log(1 — x) is not hypergeometric and the derivative of log(1 — x)/x is not algebraic.

Proof.

“="": Derivatives of algebraic series are algebraic.
“<": Use the identity

iF a1,...,aplx _d1--cadp al+1,...,ap+1_x
dxP T by,....bg' | b1--obg P b1, b+ 1T
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Bonus: Galo¢kin's Theorem on lrrational Parameters

Theorem (Galotkin 1981)

A hypergeometric function ,Fg([a1, ..., ap], [b1, ..., bgl; X) is a G-function if and only
if its irrational parameters can be arranged in pairs (aj,, by, ) with aj, — by, € N.
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Bonus: Galo¢kin's Theorem on lrrational Parameters

Theorem (Galotkin 1981)

A hypergeometric function ,Fg([a1, ..., ap], [b1, ..., bgl; X) is a G-function if and only
if its irrational parameters can be arranged in pairs (aj,, by, ) with aj, — by, € N.

In other words: A hypergeometric function is a G-function iff its contraction has only
rational parameters.
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